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AbstraEt--Simple adaptation of the asymptotic decomposition method enables calculation of an 
integral not expressible in terms of elementary functions nor adequately tabulated. Ramanujan's 
formula for an important integral and the Gamma integral have been verified as the illustration of 
the method. 
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1. INTRODUCTION 
The asymptotic decomposition method [1-4] of Adomian can be an effective procedure for the 
evaluation of certain difficult integrals by reformulation i to differential equations, and consequent 
evaluation in easily computed convergent series. 
To demonstrate the idea, we consider a more general problem of reducing integrations to 
differential equations ince the latter problems are solved easily, quickly and elegantly by the 
decomposition method. Consider the simple first order differential equation 
dy 
d-x + P(x)y = Q(x), 
y(o)  = o. 
(I) 
Following the analysis of Adomian [1,2], equation (1) can be written in operator form 
Ly + Py  = Q, 
y(o) = o, (2) 
where L = __a dz"  
The solution of (1) is given by 
where f (x)  = e f  P(x) dx 
y(x)s(x) =fQS(x)dx, (3) 
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2. ANALYS IS  
It may happen that the above integral is complicated and not computable in terms of elemen- 
tary functions nor conveniently tabulated for ready reference. We may, however, consider the 
asymptotic decomposition technique for the solution of (2) as [2,3] 
and taking the solution 
where 
Hence, 
Py  = Q - Ly,  
OO 
y= ~y~=y0+yl  +y:+. . . ,  (4) 
i=O 
Q 
Y0 = ~,  
Yl = p 
y~ = (-1)2~-~2 L  (Q)  , • • • 
Yk+l = (--1) k+l p--k-~- 
where L k+l  dk+l = dx--TzC-r = (k + 1)-fold differential operator and k = 0, 1, 2, 3 , . . . .  
The expression 
n--1 
(5) 
i=0  
is the n-term approximation of the solution y. Convergence is now well established [2,5,6], and 
it is also seen in [2,5] when numerical computation of the analytic approximation is carried out, 
a rapid stabilization to an acceptable accuracy is evident. Therefore, we obtain from (3) 
CX) 
Qf(x )  dx y J (x ) .  (7) E 
i=O 
As a particular case of our analysis, we first apply the above methodology to establish Ra- 
manujan's integral formula [7] as 
~(z)e  -~ ax = -e  -n~ ~ ) + - -~  + -7  +. . . .  (s) 
To prove (8) as our special case we take P = -n  and Q = ~(x) ,  from which it follows that 
1 
Yo ~ - -cp ,  
n 
1L ,  
Y3 = - -~g L2 ~, . . . . 
Since the operator L stands for the differentiation, we finally obtain from (7) 
~(~)~-~xe~ -- EY  ~c-~x = _~-n~ + V + ~ +""  ' 
i=0  
which is the expression of Ramanujan's formula. 
~ = ~ y~ (6) 
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In this context, we may, however, prove the Gamma integral as an interesting consequence and 
for the sake of clarity only. For this we consider 
P=- I  and Q=x "~-1, 
where m is an integer. It follows immediately, 
f(~) : e-~, 
Y0 = - -zm-1, 
Yl =-L (xm-1) ,  
y2=-L2(x  m- l )  . . . .  
Obviously 
and 
Consequently 
Hence from (3) we get 
Ym-1 =-Lm- l (xm-1)=- (m-1) ! ,  
ym=-Lm(x  m- l )  =0.  
oo  
y-~-~yi.-~ -~Li(xrn-1). 
i=0 
oo  / e-Xx  m-1 dx = -e  -x ~ L~(x'~-l).  
i~O 
Evaluating the integral between the limits 0 to oc we find that 
~o e -~ x m- l  dx = -e  -~ L i (x  m-1 
i=0 0 
= - [e  -~ (y0 + yl + y2 + + Ym-1 + Ym + )]O 
(20  = [e-X{x m-1 + (m-  1)x m-2 + (m - 1)(m - 2)x m-3 +. . .  + (m -- 1)!}] o 
= (m - 1)! = r (m) ,  for m is an integer. 
(9) 
This completes the proof of the Gamma integral by our analysis. | 
It is worth noticing that  although Ramanujan's  integral formula and Gamma integral have 
been proved as a particular case of our analysis, it illustrates, nevertheless, the methodology by 
which complicated integrals may sometimes be handled more easily, quickly, and elegantly than 
by the tradit ional numerical methods. The number of terms required to obtain a computable 
and accurate solution is generally small [3,4]. 
REFERENCES 
1. G. Adomian and R. Rach, Analytic solution of nonlinear boundary-value problems in several dimensions, 
Jr. Math. Anal. Appl. 173 (1), 118-137 (1993). 
2. G. Adomian, Nonlinear Stochastic Systems Theory and Applications to Physics, Kluwer, (1989). 
3. G. Adomian, A review of the decomposition method and some recent results for nonlinear equations, 
Computers Math. Applic. 21 (5), 101-127 (1991). 
4. B.K. Datta, The approximate evaluation of certain integrals, Computers Math. Applic. 25 (7), 47-49 (1993). 
5. Y. Cherruault, Convergence of Adomian's method, Kybernetes 18 (2), 31-39 (1989). 
6. Y. Cherruault, Some new results for convergence of Adomian's method applied to integral equations, Mathl. 
Comput. Modelling 16 (2), 85-93 (1992). 
7. S. Ramanujan, Note Book of S. Ramanujan, Vol. 1, T.I.F.R, Bombay, p. 54, (1957). 
